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e Hydrodynamics is everywhere in physics:

- Fluid dynamics (simple fluids Euler 1757)

=  Generalised hydrodynamics (integrable systems)
[Castro-Alvaredo, Doyon, Yoshimura (2016)]
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e Derived from an underlying microscopic model:
= field theories or many-particle systems
e Main ingredients: ( 5 J

= local conservation laws + propagation of local “equilibrium”
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Conventional hydrodynamics: 1D fluid

e N particles on a circle of perimeter L (xj 7pj)

e Conservation laws
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Functions on phase space or field operators
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Local equilibrium

e Boltzmann 1868: micro-canonical ensemble in long time limit

2 Generalised Gibbs ensembles (GE): poce Yn-0 5nQn

e Hydrodynamic principle: separation of scales and propagation of local GGE

Macroscopic Mesoscopic (fluid cells) Microscopic

(2t = Local GGE averages

gm(z,t) and j,,(z,t)
= (approx) Meso conservation law

at@m(xat) + aacjm(xnt) =0

—_—

{Bn(z,1)}
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[Doyon: Lecture Notes (2020)]




GHD from scattering theory: an example

e KdV: integrable nonlinear dispersive PDE

Oyt + 6ud,u + 82?1, =0.




GHD from scattering theory: an example

e KdV: integrable nonlinear dispersive PDE

Oyt + 6ud,u + 82?1, =0.

1.8
Example of KdV

1.6 | ] soliton gas

14 1

sl

0.6 u

0.4

0.2 |

ol | | ! | | | | ! | |
-250 -200 -150 -100 -50 0 50 100 150 200 250




GHD from scattering theory: an example

e KdV: integrable nonlinear dispersive PDE

Oyt + 6ud,u + 82?1, =0.

1.8 1
Example of KdV
Lor | soliton gas
14} i
’ & (h n m h |
I
1 .“ | M m N
<) it m | ,ﬂ |
0.8 | ’J | I “WL“ h \
0.6 ” |
| d
0.4 Fluid cell of size L
characterised by
021 ] local GGE 5
L - [5)

-250 -200 -150 -100 -50 0 50 100 150 200 250




GHD from scattering theory: an example

N solitons

e KdV: integrable nonlinear dispersive PDE

Ot + 6udyu+ Bu=0. .

e Multisoliton solution

N
UN ~ Z 2n?sech2 [?77; (:1: — 4nPt — x;‘:)] as t — too.
i=1
[Zakharov (1971)]




GHD from scattering theory: an example

N solitons

e KdV: integrable nonlinear dispersive PDE

Ot + 6udyu+ Bu=0. .

e Multisoliton solution

N
UnN ~ Z 2n?sech2 [?77; (:1: — Ap?t — x;‘:)] as t — Foo.

1

i /‘ —_

Action coordinate Angle coordinate




GHD from scattering theory: an example

e KdV: integrable nonlinear dispersive PDE

Oy + 6ud,u + c‘fgu =0.

e Multisoliton solution

N

N solitons

UnN ~ Z 2n?sech2 [?77; (:1: — 4n?t — x,f:)] as t — Foo.

e

Action coordinate

e

Angle coordinate

Scattering is elastic and
2-body factorisable




GHD from scattering theory: an example

N solitons

e KdV: integrable nonlinear dispersive PDE

Ot + 6udyu+ Bu=0. .

e Multisoliton solution

N
UN ~ Z 2n?sech2 [?77; (:1: — 4n?t — a:,:—L)] as t — Foo.

i /‘ —_

Action coordinate Angle coordinate

e Relation between asymptotic states given by scattering shift
i =+ 1

+ _ = sgn(ni — 1)
,/ T Z T " T — 115

’ I Lax (1968
el [Lax (1968)]
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Thermodynamics

e Partition function
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Thermodynamics

e Partition function

Z= Nz_:o % /FNXRN 1:[1 dﬁ;(:?')dxz_ exp [—Zw(m)] X (un(z,t =0) < €z, ¢ [0, L])

1=1

e Thermodynamic limit L — oc

NDR TBA
p < > O < > {Bn}

d
Z =<exp(—LF) , ]::—/M . .
r o(n) = Spectral scaling function
e NDR of soliton gases e Alternative interpretation
n+
o =n— [ d log | —— _
(mpn) =n ~/I‘ pp(p) — dz~ () _ a(n)p(n)
L . d n (6]
p(n)dndx = # of solitons in [z, x + dx| X [n,n + dn

Change of metric

Density of States [El (2003)]
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From thermodynamics to hydrodynamics

e Integrability: infinite number of conservation laws

875%@ -+ aacjn =0
e Hydrodynamic approximation: separation of scales

(o(z,1)) ~ <O>{,8n(m,t)} = on(z,1)
@ Fluid cell average

Orp(ks ,t) + Oy [0 (ks 2, t)p(k; 2, )] = 0

DR )0 () — v ()] dps

1
v (k) =4772—|——/10g
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Assumptions

® 0,0, iF#]
= IR is finite

= Every soliton interacts
with every other in the IR
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e Homogeneous gas in
bulk of IR
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Typical distance between two solitons with parameters in
the vicinity of (v, #) as they intersect the horizontal
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Line density of reference

e Want to relate p(v,0; ) to p(v, 6;0)

1 1

ﬁ(U,0,0) ~ A(U 9) a’nd ﬁ(v,@,(p) ~ A,('U 9)

e (Geometric argument

A = A’sin g (cot p — cot §°T)

U

p(v,0;0) = p(v,8;0)]sin ¥ ‘cot © — cot, 6’6&’

e Liffective orientation

(1)
|

0% (v, 0) = f—arcsin [/ p(u, o; 0)K (v, 0;u, o) |sin 9°tt (v, 0)| |cot 0% (v, 0) — cot o (u, )| dude
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Refraction and effective velocity

e Similarities with refraction: there should be a way to relate #°% and v

e Geometric argument: assume that over d¢ IR does not change and over dx it

can be considered flat

peft sin g¢ft

= — Snell’s law!
v sin ¢

e Remark 1: 6 w.r.t the horizontal

e Remark 2: for 6% ~ 6

vt~ {1 — cot 0 [/ p(u, a;0)K (v, 0;u, ) |sin 9°tt (v, 0)| |cot 0% (v, 0) — cot ozeff(u,oa)’ duda] }

[12)
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Analogy with (1+1)D models

e Gas of lines allows for analogy with (14+1)D systems

[Courtesy of F. Hubner]

Space-time
trajectories of quasi
particles ina (1+1)d

system

e At fixed time KP equation yields an (integrable) Boussinesq equation

l [Courtesy of G. Roberti]

Snapshot of KP N-
soliton solution in
the (x,y) plane

60, (u0yu) + Opgazt £ 30,yu =0

e Proposition: study the gas of lines through GHD of its (14-1)D counterpart

= Snapshot from (141)D space-time trajectories

= Dynamics obtained by varying the impact parameters z,p , via v2p
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e Recall “Snell’s law”

eff . Qeff
| b ST o () [+ (o)) = o [1 448

e Identify line density p(v,0;0) with DOS p1p(p)

[ #(w.0:00d0d0 = [ pio(p)ap

[14)

/ \ =  pin(p) = Uip () /ﬁ(v,acot p; 0)dv

1+ vi(p)
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e For any (14+1)D integrable model there should be an associated gas of lines.
How much is this relevant ?
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