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e KdV: integrable, nonlinear, dispersive PDE
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Recap of the previous lectures

e KdV: integrable, nonlinear, dispersive PDE

Opu + 6ud,u + 02u =0

e KdV is an Hamiltonian system

a4 OH (59 B u?

e Infinite set of conservation laws

Time Space
conserved Qn = /dx qn(x,t), and J, = /dt Jn(z,t), ‘ conserved
“charges” “currents”

ath + aa:.]fn, =0.




Recap of the previous lectures

e Solvable via IST: KdV is the compatibility condition for a linear problem
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£: —Opw —u(z,t), M =1uy+ 4\ —2u(z, )]0, , L=[M:;L].
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Recap of the previous lectures

e Solvable via IST: KdV is the compatibility condition for a linear problem

Lo=Ap,  ¢r=Mo,
£: —Opw —u(z,t), M =1uy+ 4\ —2u(z, )]0, , L=[M:;L].

Lax pair Lax equation & KdV

e Finite gap theory: associates (multi-)periodic solution of KAV with a particular
band spectrum of £

A E [)\1, )\2] -y [)\2N.|_1, —|—OO[ .
e NV —soliton solutions: all N band shrink to points

N
un(x,t) ~ Z 2n§sech2 [Tli (:c — 4n?t — .CE':I:)] as t — xoo.

)
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Soliton gas: basic idea and motivations
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Soliton gas: basic idea and motivations

1.8
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Asymptotically: wup(x,t) =~ Z 2n2sech” i (z — 4n?t — x;t)} as t — £o0.
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Large scale dvnamics of inhomogeneous soliton gas?

[Doyon: Lecture Notes (2020)]

e Non-integrable systems thermalise to Gibbs ensembles (GE)

HGE = Zon Nz::()exp [—B(E — uN — vP)] md xd'p .

e Hydrodynamic principle: separation of scales and propagation of local GE

Macroscopic Mesoscopic (fluid cells) Microscopic _»  Slowly varying

e
Bzt wt), vt

= Local GE averages

(2t

Gm(x,t) and j,,(z,t)
=  Euler hydrodynamics
Bla.t), nlz,t), vzt s G (2, 1) + Opjim(,t) = 0

(5]




Large scale dvnamics of inhomogeneous soliton gas?

[Doyon: Lecture Notes (2020)]

[fl
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e Non-integrable systems thermalise to Gibbs ensembles (GE) @6‘% 4 Z )
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 — 1 Ly, Yo,
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[Doyon: Lecture Notes (2020)]

Large scale dvnamics of inhomogeneous soliton gas?

e Non-integrable systems thermalise to Generalised Gibbs ensembles (GGE)

[Rigol et al. (2007)]
Z exp Z BrQk

—dedN

HCGGE —

ZGGE

e Hydrodynamic principle: separation of scales and propagation of local GGE

Macroscopic Mesoscopic (fluid cells) Microscopic _»  Slowly varying

{Bn(z,t)}

.\ = Local GGE averages
Gm(x,t) and j,,(z,t)
=  (eneralised hydrodynamics
277

(5]




GHD in a nutshell
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Outline of the lectures

[. Elements of Hydrodynamics
II. Integrable field theories

III. Soliton gas and Generalised Hydrodynamics

1) Mise en bouche: Zakharov’s rarefied gas (1971).
2) Thermodynamics of the KdV gas: quasi-particle (heurisitic) approach.

3) Soliton gas from finite gap theory: mnon-linear dispersion relations
(sketch of derivation).

4) (Generalised) Hydrodynamics of the KdV gas.

IV. Specific examples and potential extensions
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Zakharov's rarefied gas (1971)

e Random solution that almost everywhere in time can be approximated by

N
un (x,t) ~ Z 2n2sech’ (i (z — 4nit — 2;)] .
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e Spectral support: I = Uf;\io [v2i, Y2ix1] C RT .




Zakharov's rarefied gas (1971)

e Random solution that almost everywhere in time can be approximated by

N
un (x,t) ~ Z 2n2sech’ (i (z — 4nit — 2;)] .
qQ i=1
=0
iz 2
=L .
-200 -100 0 )0

9k

X X + dx
e Spectral support: I' = Uf:io [V2i, Y2i41] C RT .

e Spectral density of states (DOS): p™@ : T' x R? — R

P (m;x,t)dndx = # of solitons at ¢ in [n,n + dn| X |z, x + dz]




Zakharov's rarefied gas (1971)
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e Condition for the gas to be rarefied

oz, t) = / dn p™ (n;z,t) < Yo -
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Zakharov's rarefied gas (1971)

8
=l
52
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e Condition for the gas to be rarefied
a(z,t) = / dn p"™ (s 2,t) <0 -
r

o Spectral flux density: ™ :T' xR? = R

[ (mg;z,t)dndt = # of solitons crossing x in [n,n + dn] x [t,t + dt] .




Zakharov’s Kinetic equation for solitons

e [sospectrality imposes DOS is only transported over large scales

Orp™™ (ny 2, t) + Op [T (s 2,t) =0 .
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Zakharov’s Kinetic equation for solitons

e [sospectrality imposes DOS is only transported over large scales

Orp™™ (ny 2, t) + Op [T (s 2,t) =0 .

rar(

v (s @, 8) ™ (2, 1)

e Solitons move with effective velocity
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Zakharov’s Kinetic equation for solitons

e Isospectrality imposes DOS is only transported over large scales

O™ (s a,t) + 0y [V (032, 8) " (52, )] = 0.

e Solitons move with effective velocity

1
nJr
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DOS in dense soliton gases

e Meaning of DOS not as clear in a dense gas.
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DOS in dense soliton gases

e Meaning of DOS not as clear in a dense gas.

e DOS: p(n;z,t)dndx = # of solitons that would asymptotically emerge
from [z, x +dz| with parameters in |n,n+dn].

e Fluid cell isolated from the gas, asymptotically 1:: 1 WJ
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Angle coordinate
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DOS in dense soliton gases

e Meaning of DOS not as clear in a dense gas.

e DOS: p(n;z,t)dndx = # of solitons that would asymptotically emerge
from [z, x +dz| with parameters in |n,n+dn].

e Fluid cell isolated from the gas, asymptotically ::: | 1 h W

N
ur(z,t) ~ Zansech2 [m (:19 — 4nit — :Ei)} as t — Foo. .,

(
1=1

I : : : : N soli inL
e Relation between asymptotic states given by scattering shift solitons n

N + 1
i — 15

- - _ Z Sgﬂ(??i — 77j) n

4

(1)




Thermodynamics

e N —soliton partition function can be formally written as

Z = /D[UN} exp (S[un] — Wlun]) .

Generalised o
Ent W = E BrQr
nHropy Gibbs weight k
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Thermodynamics

e N —soliton partition function can be formally written as

Zp = /D[UN] exp (S[un] — Wlun]) .

Generalised o
Ent W => BQx
Py Gibbs weight k

e N —soliton in asymptotic coordinates
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Soliton bare velocity

p(n) = 4n°
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Thermodynamics

e N —soliton partition function can be formally written as

Zp = /D[UN] exp (S[un] — Wlun]) .

Generalised o
Ent W = E BrQr
nHropy Gibbs weight k

e N —soliton in asymptotic coordinates

z, — Z = /I:N . dpQ(ﬂ-@ d:C exp [ ?:le(nz)] X(uN(:L‘,t = 0) < €4, T ¢ [O,L]) :

Soliton bare velocity Generalised Constraint / Entropy

Gibbs weights

P =4" g w(n) =Y B! (2]

hn(n) = @, for a single soliton 7



Asymptotic space

e Assume solitons are point particles of velocity p(n;) and position X! = xt+p(n;)t.
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Asymptotic space

e Assume solitons are point particles of velocity p(n;) and position X! = zt+p(n;)t.
e Assume: Vi=1---N, X? =29 € [0, L].

e Let i be the leftmost soliton (xf = 0)
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Asymptotic space

e Assume solitons are point particles of velocity p(n;) and position X! = zt+p(n;)t.
e Assume: Vi=1---N, X? =29 € [0, L].

e Let i be the leftmost soliton (xf = 0)

Asymptotic position Ti

1

0 = :L'ﬁeft——_ Zlog

— T

Position at t=0
Shifts from faster solitons




Asymptotic space

e Assume solitons are point particles of velocity p(n;) and position X! = zt+p(n;)t.
e Assume: Vi=1---N, X? =2% €0, L].

e Let 7 be the leftmost soliton (z? = 0)

1
0 = a:}fft—— Z log

i nj >MNi

N + 1
i — 15

e Let i be the rightmost soliton (2 = L)

M + 1
Ny — 1y

: 1
L=y L,
i n;<ni




Asymptotic space

e Assume solitons are point particles of velocity p(n;) and position X! = xt+p(n;)t.

e Assume: Vi=1---N, X) =2 €0, L].

Asymptotic space is

e Let 7 be the leftmost soliton (3:,? = 0) shorter than real space

_|_
0 — left T Z log 77?, 773 L _ xI.‘ight B x].eft
77:1 >N LT ¢
|::> 1 .
=L — —Zlog i
e Let i be the rightmost soliton (2 = L) Uy M — My
+ 1
I — r1ght _|_ - 1 i 7
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Asymptotic space density

e Let Ly(n) interpolate L;

v = 200 g LS,




Asymptotic space density

e Let Ly(n) interpolate L;

L (n) 1 1+ 1;
Ky(n) = =1-—Y Io
() L Ln; n—nj
e Limit N — 0o, L = 00, N/L =
1 n -+ u
K(n)Il——/du p(p)log —‘
nJr n— u

Aymptotic space density DOS




Asymptotic space density

e Let Ly(n) interpolate L;

_ 1N+ n;
]CN = — 1 - 10
() L Ln ; n—nj
e Limit N — 0o, L = 00, N/L =
1 n -+ u
K(n)=1- —/du p(p)log —‘
/_ nJr \77 — K
Aymptotic space density DOS
N
» (gn) = [p-dn p(n)ha(n)
NZ5("7—?7¢) ' (14J

i=1 hn(n) = @, for a single soliton 7




Asymptotic space density

e Let Ly(n) interpolate L;

S
4
S

Aymptotic space density DOS

dz™(n) = K(n)dx

N
» (an) = Jpdn p(n)hn(n)
change of metric due to interactions N Z JURD ( = J
i=1 hn(n) = @, for a single soliton 7




Asymptotic constraint

e N —soliton partition function in asymptotic coordinates

25, = Z % /FNXRN H dpQ(:rh)dxz_ exXp [_22”(772')] X(U’N(wvt — 0) < €z, T @f [OaL]) y




Asymptotic constraint

e N —soliton partition function in asymptotic coordinates

o0 N
1 dp(n;)
Zr = —
L J;]N!ANxRNE o

N
dz; exp [—Zw(m)] X (un(z,t =0) < €z, x ¢ 1[0,L]) .

e Asymptotic constraint

N N iL’?ght(m) N
[ Tderx (et =0).2 ¢ 0.2) ~ (/ _ dsc) = LY [T vt

1=1




Asymptotic constraint

e N —soliton partition function in asymptotic coordinates

Z = NEZ:O % /FNxRN 1;[1 dpz(:i)dﬂj? exp [ ;’w(m)l X (un(z,t =0) <€,z ¢ [0,L]) .

e Asymptotic constraint

al oy B (i) N
[R Hd:c;x(uN(:c,t =0),z ¢[0,L]) = H (f dﬂ?) = LNHICN(W) :

A i—1 \Yz () i=1

e Putting everything in the exponential

Zp = i er ﬁdmexp{—i [w(m) —log (4777) — log [Kn(mi)] =1 +10g%]} - (15)

1=0




Asymptotic constraint

e N —soliton partition function in asymptotic coordinates

o0 N
1 dp(7:)
Zr=> —

dz; exp [Zw(m)] X (un(z,t =0) <€,z ¢ [0,L]) .

e Asymptotic constraint

N N [l () N
[l xun(et =00 ¢0.0) ~ [] ( / ) = L T K.

d
A 2" (n;) i1

e Putting everything in the exponential Jacobian

Prefactor
o0 N N 477
ZL=), / [ [ dmiexp {— > [’LU(m) — log (7) — log [Kn(n:)] — 1+ log %] } :
N=0’T" iZ1 i=0

Gibbs weight Constraint



Asymptotic constraint

e N —soliton partition function in asymptotic coordinates

N

L= NZ}% [ T e [—;wm)] X (un (.t =0) < e,z ¢ [0, 1)) -

N xRN i1

e Asymptotic constraint

Al N () N
[ Marimi=oeeon=T1( [ "a) =2 [Tk,

N

e Putting everything in the exponential

Zp = i /FN f[ldm exp{—L/Fdn p(n) [w(n) — log [4%:(?7)] —1 +10g%” :

N=0 = —

Empirical DOS



Thermodynamic equilibrium

e Thermodynamic limit: large deviations theory [Varadhan (1966), Touchette (2009)]
Zp < exp (~LF" [p*(n)]) ,
with
4nk(n)

T
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Thermodynamic equilibrium

e Thermodynamic limit: large deviations theory [Varadhan (1966), Touchette (2009)]

Zp < exp (—LF"[p*(n)])

F¥ p(n)] = /F dn p(n) [w(n) —log [4"]72(")] -1 +1ogp(n)\ -

Configuration
entropy

with

[Sanov (1961)]




Thermodynamic equilibrium

e Thermodynamic limit: large deviations theory [Varadhan (1966), Touchette (2009)]
Zp < exp (~LF"[p*(n)]) |

with

Ank
FWp(n)] = /F dn p(n) [’w(n) — 10g[ nw(n)] —1 +logp(n)] -
e Minimisation condition (Yang-Yang equation)
0F M [pl 4nk(n) / N+ ‘ p(p)
0 — = 10 = w —I— d 10 .
0p(n) | ,= - ® () () A TS




Thermodynamic equilibrium

e Thermodynamic limit: large deviations theory [Varadhan (1966), Touchette (2009)]
Zp = exp (—LFY[p*(n)])

with

AnkC
F¥ p(m)] = frdn p(n) [w(n) —10g[ ! (?7)] - 1+10gp(n)] -
e Minimisation condition (Yang-Yang equation)
MF
o 0P [p] L Lo 21K) =w(n)+fdu log n+u‘ p(p)
op(n) |- mp(n) r n— | pk(p)

e Free energy (spatial) density

F=F" o) = —/qu % -




Thermodynamic equilibrium

e Thermodynamic limit: large deviations theory [Varadhan (1966), Touchette (2009)]
Zp < exp (~LFM[p*(n)]) .

with

AnkC
FM*¥p(n)] = /F dn p(n) [w(n) — log [ nw(n)] —1 +10gp(?7)] -
e Minimisation condition (Yang-Yang equation)
025.7-" 0] = log 1 (n)zw(n)Jrfdulog 77+M‘ pk)
0p(n) | ,—pr mp(1) r n— | uk(p)

e Free energy (spatial) density

F=F"pn)] = —/Fdﬂ % = /F W)




Thermodynamic equilibrium (alternative notations)

e Minimisation condition (Yang-Yang equation)

dp(p) N+ i

en=wn—f log —|F(u)-

(n) = w(n) orn —

“pseudo-energy” free energy density
e

e — log JIMN) o)

mp(n)




Thermodynamic equilibrium (alternative notations)

e Minimisation condition (Yang-Yang equation)

dp(p) , In +u|
en:wn—f log | —— | F'(u) .
(1) = w(n) onp —
“pseudo-energy” free energy density
4AniC
e — log JIMN) o)
mp(n)
e Occupation function
dF .
n(n) = de = e
e=¢€(n)

Maxwell-Boltzmann




Thermodynamic equilibrium (alternative notations)

e Minimisation condition (Yang-Yang equation)

dp(p) , |m+p |
en:wn—f log | —— | F'(u) .
(n) = w(n) onp —
“pseudo-energy” free energy density
e
e — log JIMN) o)
mp(n)
e Occupation function
(n) = d_F __—e(n) _ mp(n) Density of solitons in
)= de e—e(n) — € o 477]C(77) the asymptotic space

Maxwell-Boltzmann




Thermodynamic quantities

e Entropy density of the soliton gas

S=W-F

!ﬁdnmmwM)
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e Entropy density of the soliton gas
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Thermodynamic quantities

e Entropy density of the soliton gas
S=W-F= /Fdn p(n) [1 —logn(n)] .

e Thermodynic averages

OF
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Thermodynamic quantities

e Entropy density of the soliton gas
S=W-F= /Pdn p(n) [1 —logn(n)] .

e Thermodynic averages

(@) = 55 = [ B nlmdn el




Aside: dressing operation

e Differentiating the Yang-Yang equation

e(n) = w(n) —frdp(”) log‘m‘F(u) ,

2mp n— .
w(n) =
On,6) = () — [ S g | TEL )0, 1)




Aside: dressing operation

e Differentiating the Yang-Yang equation

iy ()0t
e(n) = w(n) fr %ng‘nu‘F(u), .
w\n) = nftn\7]
On,6) = () — [ S g | TEL )0, 1) :

o Let f: T — R, we define the dressed function f& : ' — R from this Fredholm
equation of the 2nd kind

d

P = 1)+ [ G emno

[19])

nu‘

3, €(n) = hir(n) ol ) = 8log |- ——




Aside: dressing operation

e Example of dressing from earlier in the lecture

K(n)zl—%/rdu pla)log |12
nk(n) = n+L§—g (5 p)n(p) pkC(p) -




Aside: dressing operation

e Example of dressing from earlier in the lecture

_q_1 o | T H
K(n) =1 n/qup(u)lgn_u , o
a nn) = 4nk(n)
nk(n) = n+/F§ (5 p)n(p) pkC(p) -

K (n) =1 (n) = h§" (1) = g,e(n)
e Useful property of the dressing

[ an gt = [ due g ) £

r
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e Thermodynic averages
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Thermodynamic quantities

e Thermodynic averages

nkK(n) =n"(n) — [ d
and /F ! m
mp(1) iz = /F dn p(n)h.(n) .

) = 4nk(n)

o A few examples:

(a0) =4 [ an oo = (0 @) =5 [ anolyr® = (u?)




Thermodynamic quantities

e Static covariance matrix

. OF
8/8a8)6b .

Cop = / 0z ((qa(2)3(0)) — (g (2)){g(0))) =




Thermodynamic quantities

e Static covariance matrix

O*F
8/8a8)6b .

Cab = / 0z ({ga(2)a(0)) — (g () (@(0))) = —
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Cop = / dry p(n)0 ()R ()R ()




Thermodynamic quantities
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Thermodynamic quantities

e Static covariance matrix

O*F
8/80,851) .

Cab = / 0z ({ga(2)a(0)) — (g () (@(0))) = —

9 / djt g(p)n () FO (1) = / dpe g% () mpe) £ (1)

Cop = / dry p(n)0 ()R ()R ()

S .,

Statistical factor
h"(n) = h(n) + f -
Bun(n) (n) = h(n) o
0(n) = —

n(n)

o(m; p)n () h™ (1)
~1




Thermodynamic quantities

e Static covariance matrix

0*F
Cop = | dzx x)qp(0)) — x 0)) = ———
0= [ do (@ @a(0) - al)@0) = 55
= [ anptmotnnd nsn)
MB FD BE Simulations
Cot’ 0.0235 -2.28 2.32 0.022 + 0.003
CoF 0.027 -3.18 3.23 0.024 £ 0.004
CcPC 0.042 -4.48 4.56 0.039 + 0.005
Ch 0.22 0.028 0.41 0.2 + 0.03
CY] 0.28 0.072 0.49 0.23 + 0.04
CY, 0.39 0.12 0.66 0.36 + 0.05
Coo 0.2 -0.05 0.45 0.2 + 0.01
Cl, 0.25 -0.03 0.54 0.23 & 0.01

ch 0.36 -0.03 0.75 0.34 &+ 0.02
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e N-phase solutions associated with band spectrum X\ € [Ag, A\1] U -+ U [Aan, +00|

u(x,t) = A+ P —2log O (0(x,t); B)]

rr °

e Introduce the two-sheeted hyperelliptic Riemann surface R

2N
R: R(z)=]](z-2%), zeC.
§=0
e (Canonical homology basis e Basis of meromorphic differentials on R
N—1 Zk
— . d
¢j ;} Cjk R(Z) < )
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e N-phase solutions associated with band spectrum A € [Ag, A\1] U -+ U [Aan, +00|

u(x,t) = A+ P —2log O (0(x,t); B)]

rr °

Constants Riemann period matrix Phase vector

2N N
A:Z)\j, @z—Qng AQ;j Bij:%¢i; 0;(x,t) = kjz + wjt + 67 .
j=0 j=1"aj bj




Mllltiphase ﬁnite gap SOllltiOnS Of KdV [Flaschka, Forest, McLaughlin (1980)]

e N-phase solutions associated with band spectrum A € [Ag, A\1] U -+ U [Aan, +00|

u(x,t) = A+ P —2log O (0(x,t); B)]

rr °

Constants Riemann period matrix Phase vector
2N N
A=Y N =234 e By =f; Giy By(at) = kot w4+ 0
=0 j=1Y4% J

e Nonlinear dispersion relations (NDRs)

k =4miB '¢™) | and w=8riB™! [AC(N) + 2C(N_1)} :

with [C(M)]j = CjM -




Multiphase solutions in a nutshell

e Multiphase solution of KdV can be formally written as
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Multiphase solutions in a nutshell

e Multiphase solution of KdV can be formally written as

U(Cl?,t):FN(Ql,"',Qn) , with Qj:kj$+th+9?.

FN (91,“' ,9j+271',-'-9n) :FN(Ql,”' ,93',"'9%) Depend 0)1 {)\] ?ﬁo

e Nonlinear superposition of waves: analogy with Fourier series

Up + €Uy + Upypy = 0

Fy (01, .0,) S | gyelilbsrest )]

e — 0
NDRs | ) Y i3

e Main question: how to construct a soliton gas and what are its NDRs?
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Thermodynamic limit of finite gap solutions 11 2000

A2j+A2j41
2

e Solitonic limit: collapse all bands to points —7732- =
/\2j—>_7732'7 and )\2j+1_>_7732'3 j:172"':N7

which implies k; — 0 and w; — 0.

e Thermodynamic spectral limit (band shrink as N — oo)
|« 1 <
ki =0, w; —0, while %;kaa, %;%:6.

e Spectral scaling

1 1 o | —1 1
s N - N — ap.| v ~ —
PRI S4by log |band;| N
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Thermodynamic nonlinear dispersion relations

e Recall the NDRs

k=4miB '¢™ | and w = 8miB~! [AC(N) + zc(N—U] |

e Specify the scaling as N — oo Density of bands

#(n;) v(n;) 1 —r(n;)N
ki ~ . W and |gap.| ~ , |band;| ~ e T\
: N J N | Jl g(nj)N | J| Log band width

e Asymptotic behaviour of the NDRs at large N

=1 n; +n
T Nk

D log | L aely) + ()7 () = 2
j=1 M — Nk
N

1 ni + Mk 3

— log |2 vin;)+v(ng)m(ne) = 87y .
ZN i — M (n) (k)7 (M) Nk




Thermodynamic nonlinear dispersion relations

e Introduce the DOS p(n) and the spectral flux density f(n)

M<N n

1 1

p:RT - RT, p(n) = %%(n)g(n) , so that oy ; ki — /no p(p)dp
| | M<N .

FRY SR, f(n) = S—v(m&(n) , sothat  —— > wi— [ f(w)dp

j=1 o




Thermodynamic nonlinear dispersion relations

e Introduce the DOS p(n) and the spectral flux density f(n)

M<N 7

1 1
p:RY 5 RT . p(n) = —x(n)é(n), sothat — Y kj— [ plp)du,
2T 2T o -
. 1 1 M<N n
[ART =R )= —v)Em), sothat o= } wj— [ [(u)dp
j=1 yl

e Thermodynamic NDRs with the spectral scaling function o(n) = 7(n)/{(n) >

/P log H p(p)dp + a(n)p(n) =n,

[ 10| R s+ o)) =
I n—p




Thermodynamic nonlinear dispersion relations

e Introduce the DOS p(n) and the spectral flux density f(n)

M<N

1 1 n
piRY S RY L pn) = o oxn)é(n) . sothat 5o 3~ k= [ plud.
™ T -
n 1 1 M<N n
JART =R fn) =5 -vn)iln), sothat o > wi— [ f(w)dp
j=1 mo

e Thermodynamic NDRs with the spectral scaling function o(n) = 7(n)/{(n) > 0

/F log Zﬂ; p()dp + ompn)=n = 9KkHn) =m)" () =cm)p() ,

/Plog Ziz fw)dp + o(mfm) =40* = (@n*)" ()=o) /() .
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T _ ety = a1 L / log
I

p(1) ” nrr p()[v™" () — v (w)]dpe .

n—H




Soliton gas equation of state

e What about the effective velocity of soliton within the gas?

m:veﬁ — 4n? 1 lo
(n) =4n" + /F g

o) [ 1o | T o ) = o e

n—H

Note that in rarefied gas [, p(p)dp =a <1

DXL () [4n? — 4p2]dp + o)

1
veﬂ(n)=4n2+—ﬁlog p—

Ul




Soliton gas equation of state

e What about the effective velocity of soliton within the gas?

T _ ) = an? + 1flog
r

o) ~ [ tog | )0 (1) = o ()

nm—H

Note that in rarefied gas [, p(p)dp = a <1

DR () An? = 4p2]dp + o(a?)

1
veﬁ(n)=4n2+—frlog —
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e Generic form of the effective velocity in GHD
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Soliton gas equation of state

e What about the effective velocity of soliton within the gas?

T _ ) = an? + 1flog
r

o) ~ [ tog | )0 (1) = o ()

nm—H

Note that in rarefied gas [, p(p)dp = a <1

DR () An? = 4p2]dp + o(a?)

1
veﬁ(n)=4n2+—frlog —

U

e Generic form of the effective velocity in GHD

v () = 0¥ (n) + frdu o (s p)p() [0 () — v ()]

() = Z ) wav 3207 .
p'(n) 8n
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From thermodynamics to hydrodynamics

e Integrability: infinite number of conservation laws

8th - 8$]n =0.
e Hydrodynamic approximation: separation of scales

(o(x,1)) ~ (0) (8, (2,6} = On(2,1) -

@ Fluid cell average (over GGE)

atq_n(wat) + 858.5?’1,(3?7 t) =0,

Gn(2,1) = [ &y p(n; 2, ) hn(), Fult) = [ dny pl; , )0 (.2, ()

(3]
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From thermodynamics to hydrodynamics

e Integrability: infinite number of conservation laws

8th - 8$]n =0.
e Hydrodynamic approximation: separation of scales

<O(.‘E,t)> ~ <O>{5n(a:,t)} = 6n($7t) .
@ Fluid cell average (over GGE)

Oy p(n; ,t) + 0y [0 (0 2, t)p(n; 2, t)] =0,

n+up o .
n— 1 p(n;x,t)v H(n;a:,t)—v ﬂ:(n;:c,t)]du .

1
v (n; 2, t) :4n2+—]log
nJr




From thermodynamics to hydrodynamics

e Conservation of waves

e Slow modulations of finite gap solutions

k=KA\(z,1)], w=Q\xz1).

e Thermodynamic spectral limit and leading order in multi-scale expansion

Orp(; 2, t) + Oy [0 (15 2, t) p(m; 2, 1)) = 0,

N+ K e e
H P(mﬂfat)[v H(W;fl?at)—v ﬂc(naxat)]dﬂ :

1
v (n; 2, 1) :4772—|——flog
nJr




Alternative derivation of GHD equations

[Based on: Doyon, Spohn, Yoshimura (2017)]

e Asymptotic dynamics
— (o 2
z; (t) =z (0) + 4n;t |

= Op (27, t) +40*0p-p~ (27 ,t) = 0.
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[Based on: Doyon, Spohn, Yoshimura (2017)]

e Asymptotic dynamics
— (o 2
x; (t) =2 (0) + 4n;t

= O (a7, t) +40°0-p (32~ ,t) =0

e Change of metric: de™ (n;z,t) = K(n; 2, t)dx
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N+ p . ‘
R L CEDIC Hmya,t) — o (s, 1)) dps

1
vy, t) = 4n® + = / log
nJr




Alternative derivation of GHD equations

[Based on: Doyon, Spohn, Yoshimura (2017)]

e Asymptotic dynamics
— (o 2
x; (t) =2 (0) + 4n;t

= O (ma~,t) +40°0p-p (m;27,t) = 0.

e Change of metric: de™ (n;z,t) = K(n; 2, t)dx

Oen(m; m,t) + v (n; 2, 1) 0pn(n; 2,t) =0 .

n+ . .
— | p(my 2, ) [0 (; 2,1) — v (s 2, 8)]dpa

1
vy, t) = 4n® + = / log
T i = (%

n

n (equivalently J) plays the role of a continuum of Riemann invariants! (31 J




GHD as an integrable system of hydrodynamic type

e System of hydrodynamic type in Riemann form
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e System of hydrodynamic type in Riemann form

ONi+vi( N0y, An)0eX; =0  —  On(n;x, t)+0" (n;2,1)0, [n(n;2,1)] = 0.

e Linear degeneracy

sueft (17)
. . > — L]
8)\31)3——0 5() 0, VnGI

No shocks in GHD!

e Semi-Hamiltonian property

O, Vi

T — v; Vi — Vi
fo r (Gl - o o Gt 88

GHD equations are integrable!
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GHD as an integrable system of hydrodynamic type

e System in Riemann form e Linear degeneracy
. eff (.. . — A eff
On(n; x,t)+0"" (32, 1)0y [n(m; 2, )] = 0. v () _  Wnerl.
on(n)

No shocks in GHD!

e Semi-Hamiltonian property

[y (St - o (et

GHD equations are integrable!

e Generalised hodograph transform

, n(n;x,t) 1
v — At = / Co(Cim)ad + f dp log
n(n;0,0) K

nth

n(p;z,t)
f 9(C: p)dC
n—H n

(150,0)

(3]

where g((;n) are functional degrees of freedom.
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