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Recap of the 1stlecture

e Large Hamiltonian systems generically relax to equilibrium at large time for a
large class of interaction potentials.

e At equilibrium, homogeneous system characterised by the Gibbs measure

0. @)

1

pee = —— Y exp[-A(E — puN —vP)] 17dVxd"p .
N=0

e Inhomogeneous systems: propagation of local equilibria
- Hydrodynamic approximation:  (o(z,t)) = (0){3, (z.t)} = On(2,1) ,

- Macroscopic conservation laws: OrGn (2, t) + O jn(m,t) =0 .

e Conservation laws: systems of hydrodynamic type (sometimes) solvable via
hodograph method.
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The Fermi-Pasta-Ulam-Tsingou problem

e (One of) the first molecular dynamics simulation: 1953 on MANIAC 1.
e Motivation: study the rate at which a system relaxes to equilibrium.

e System: chain of NV = 64 particles interacting with nearest neighbours

flfj = —&CJ_ [V(ﬂﬁj+1 — :Cj) + V(ZEJ — :Bj_l)] .

e Hypothesis: any Hamiltonian system with nonlinear forces should be ergodic

W o
V(z) = 70392 + gx?’




Thermalisation and the « FPUT paradox »

e Initial condition: single sine wave.
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Thermalisation and the « FPUT paradox »

e Initial condition: single sine wave.

e Fermi expected thermalisation, but...

No Equipartition of Energy!

e Explanation: FPUT very well approxi-
mated by Korteweg-de Vries.

Integrable!

e Thermalisation is linked to ergodicity.

Integrability impedes thermalisation.
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Outline of the lectures

I. Elements of Hydrodynamics

II. Integrable field theories

1) From FPUT to KdV.
2) Integrability of KdV: Poisson structure, ZCR, Lax pair...
)

3
4) The KdV 7—function and N —soliton solutions.

Inverse Scattering Transform: the cnoidal wave as an example.

III. Soliton gas and Generalised Hydrodynamics

IV. Specific examples and potential extensions
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e Equations of motion for a—FPUT
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Continuum limit of a-FPUT

e Equations of motion for a—FPUT

(jn — f(q'n,—l—l — QTL) — f(Qn — Qn—l) 3
with force  f(Q) = wiQ + aQ? .

e Let d be the lattice constant:  g(nd) = ¢,.

e Consider long waves: L > d

d? d’ d*

On+1 — Gn = £d @@ + — Qoo £ — Quoz + — Quzze £

2 6 24

e Substition in the equations of motion

4

d
dtt = wg [d2q:vac + Eq:mc:c:c] + 2ad3QQOm + O(d5) .




From Boussinesq to KdV

e Change of variables: v = é‘u—‘éqw, T = 24wpt, X = @x,
0
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From Boussinesq to KdV

e Change of variables: v = %C]m T = \24wet, X = @x,
0

VT = [?J-|—2’UXX -|—6’U2]XX .

“Bad” Boussinesq equation

e Introduce slow variables: 7 =¢€T, ¢=¢€"(X-1T),

%_ 26T 0re = 662 (V) ge + 2 vgeee -

4 3 3 3

~ € ~ € ~ € ~ €

3
Dispersion ~ Nonlinearity = a=3z, and b= 7

e Change of variable: v = eu + o(€?)

Ur + 6’LL’UJ§ + Ugee = 0.

Korteweg-de Vries equation




Zabusky and Kruskal 1965
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Integrability in classical field theories

e Integrability in classical field theories can have serveral meanings...
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Integrability in classical field theories

e Integrability in classical field theories can have serveral meanings...

- Has an infinite number of conserved quantities.

- The system is bi-Hamiltonian. /Vo&(
- There is a Zero-Curvature Representation (ZCR). //@90
)
- There is a Lax representation. p‘-’%jj_(<

- There is a 7—function representation.
- The system is solvable via the Inverse Scattering Transform (IST).

- Scattering can be reduced to 2—body elastic processes.

I:> KdV has all those properties!
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Finite dimensional integrable Hamiltonian systems

e Phase space M = R?" with Darboux coordinates
(@,p) = (g1, »an;p1, -+ ,pn), X=(q,p)" .

e Each ¢; is paired with its p;, encoded in

J = : :
—In O Symplectic form

e Poisson bracket: bilinear map for any two functions f, g : M — R

9, 9, df 0 of 0
(f:g) = f ;99 Z{fg fg].

0X 8X dq; Op;  Op; 0q;
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Finite dimensional integrable Hamiltonian systems

e Hamiltonian system characterised by H : M — R yielding Hamilton’s equations

.q D {g:; H} N X:Ja—H,
p@':—aquZ{pi;H} 6X

More generally for any smooth f: M — R, f={f;H}.

e Liouville integrability: there exists a set of N independent functions {f;}X,
{flvfj} =0, for all iy J - Typlcaﬂy fl — H.
e Liouville-Arnold theorem: ¢ € RY, M. = {(q;p) € M : fi(q;p) =¢;j,i=1---N}

- M, smooth, invariant and diffeomorphic to 7T =8t x -.. x S1.

- Canonical transformation: (q;p) — (I;0)

OH

i:(), and 6 = —— = const. .
oI Action-angle coordinates




Infinite dimensional integrable Hamiltonian systems

e From finite to infinite dimensional systems

X(t) — u(@t),  F(X) — Flul = /R dz F(z, )
{fi9} = S)J;Jg}g( — {f;g}:fRdm 52&‘7(532) .




Infinite dimensional integrable Hamiltonian systems

e From finite to infinite dimensional systems

X(t) — u(x,t), f(X) — f[u]z/Rda: F(x,u,ug ),
tfigy = 332 g)gc ~ {Rg}:/Rdx 52@)‘753(%;) |

e KdV is a bi-Hamiltonian system

jl — _8:16:1:3: — 4’(1,853 — 2ua: j2 — aa:

u = J. . with u? , or 2 :
T Sulw) %1_/@;_ %:/dx%_ug
R R
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Infinite dimensional integrable Hamiltonian systems

e From finite to infinite dimensional systems

X(t) — u(x,t), f(X) — f[u]z/Rda: F(x,u,ug ),
tfigy = 332 g)gc ~ {Rg}:/Rdx 551,{;)‘753?9;) |

e KdV is a bi-Hamiltonian system

J1 = _aaca::c — 4?1,853 — 2uy, J2 = aa:
ur = J. dad . with u2 ,  or 10> .
ou(x) ’:'7[1_/d;ac7 7{2:/(13;7%_“3
R R
(57‘[1 67‘[2 57'[ 5%n+1

—> w=J7" Suz) J2 Sulz) let J Sulz) =7 Su(2) = {Hn;Hm} =0.




Zero-curvature representation of KdV

e Consider the overdetermined linear system

U,=U¥, U, =V,

U= V = :
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Zero-curvature representation of KdV

e Consider the overdetermined linear system

U, =U¥, U,=VU,

0 1 Uy 4\ — 2u
U = V = :
(—u—)\ 0) ’ (2u2+um—2u)\—4)\2 — Uy )

e Compatibility conditions

0 0
t x T




Zero-curvature representation of KdV

e Consider the overdetermined linear system

v, =UV, v, =V,
Lax connection

0 1 (. 4\ — 2u
U_(—u—)\ 0)’ V_<2u2—|—um—2u)\—4)\2 — U,y )

e Compatibility conditions

0 0
t x rTrx

e Geometric interpretation: Lax connection and parallel transport

PH (]1+/ de+th))

~v curve in R? from (x,t) to (v, s), 71, , VK a partition into K adjacent segments.

= lim
K—oo

EPGXP/(UdQZ‘-I-th) :
gl




Conservation laws from Zero-Curvature

e Introduce the transfer matrices

Y

t
Te(z,y; A) :PeXp/ Uz, t; \)dz ,  Sp(s,t;\) = Pexp/ V(z,7; A)dr .

xT
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Conservation laws from Zero-Curvature

e Introduce the transfer matrices

Y

t
Ti(x,y; M) =7’exp/ Uz, t;\)dz,  Su(s,t;A) =7>exp/ Ve, 7 \)dr .

T
e Zero-curvature and non-Abelian Stokes theorem for rectangular loop g

Qyp =Sty ss A)Te(@ + L2 N)Sar (5,65 A) Ts (@, 2 + Ly A) = 1

A If u(x,t) is periodic
TR S - Sar:—l—L(Sat; /\) :Sas_l(tas;/\) )
and
\ A
t T[T (z, z + L; N)] = T[T (z, 2 + L; \)] .
= >




Inverse Scattering Transform: rough sketch

e Use initial condition u(z,t = 0) to initialise the auxiliary linear problem

u(z,t=0) — Uz,t=0)) — Tolz,x+L;\)="To(N) .
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Inverse Scattering Transform: rough sketch

e Use initial condition u(x,t = 0) to initialise the auxiliary linear problem
u(z,t=0) — Uz, t=0;\) — Tolz,z+L;\)=To(N) .
e Zero-curvature condition provides the dynamics of 7;
Te(N) = [V (@, 60); TV -
e Invert the IST: T7; — u(x,t)

u(z,0) 15T To

dynamics | (complicated) dynamics | (simple)

v .
e IST ;




Lax representation of KdV

e Lax representation
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Lax pair Lax equation & KdV
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Lax representation of KdV

e Lax representation

L"Gb:)\qba ¢t:M¢a
L=—0p —u(x,t), M=uz+[4\—2u(z,1)]0,, L=[M;L].

Lax pair Lax equation & KdV

e Auxiliary scattering problem: Sturm-Liouville / Stationary Schrédinger equation

Goz +u(x)p=—Ap, ulx+L)=u(x).

Solutions as linear combination of two basis solutions ¢_ and ¢4

—

dr(zo) =1, ¢ (xg)=%ik, k=V\.

(i) fueRand A€ R, ¢ =0o".

Two remarks:
(i) If X — 00, @1 ~exp|tika] .




Band structure of the spectrum

e Periodicity of v implies invariance of £ = A\¢ w.r.t. to translation x — x + L
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Band structure of the spectrum

e Periodicity of v implies invariance of £ = A¢ w.r.t. to translation x — =z + L

(;’iiﬁi . 3) ) T(if 8 ) T (;(83) ab*(?») Monodromy operator

e Properties of the monodromy operator

det[T] = |a|* = |b]* =1, Tr[T] =2Re(a) =2ap ,

Eigenvalues :  exp[+ip(A) L] = aR()\)i\/a%()\) —1.

Pseudo-momentum

—1 < cos[p(A)L] =ar(A) < 1!

(7]

[Kamchatnov (2000)]
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Example of IST: the cnoidal wave

e Simplest non-trivial solution: A € [A1, Aa] U [A3, +00]

Lo = A E,:—axm—u(gg,t) _, A
Cbt:MCb 7 M:Uw+[4)\—21L(.ﬁc,t)]8m 9 Qb— -I—Cb—l—‘|‘ _¢_ .

e Introduce the squarred eigenfunction:  g(z,t;\) = o4 (x,t; N)o_(z,t; A)
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Example of IST: the cnoidal wave

e Simplest non-trivial solution: A € [A1, Aa] U [A3, +00]

{ﬁqb = \¢ {E = — 0y — u(z, 1)

Cbt — ./\/lgb ’ M = Uy + [4)\ _ QU(ZU,t)]ax y Qb — ]{—I—Cb—|— + k_¢_ .

e Introduce the squarred eigenfunction:  g(z,t;\) = o4 (x,t; N)o_(z,t; A)

gy = (6ug + 2¢. + 129), Conservation equation
Goze +2uzg+4(u+ N)ge =0

g:]__l_g_l_l_g_2_|_...

A A2 = In+1,2 = _(gn,a:sc:c‘|_2umgn+4ugna$)
u 3 9 Ugy

:1 — — — —
go g1 5 g2 8u+ g

etc.




Example of IST: the cnoidal wave

e Integrating the second equation

2
T (g = ROV,

with R(\) = (A — A1) — ) (A — A3).




Example of IST: the cnoidal wave

e Integrating the second equation More generally:

%—%+(A+u)g2:R()\), A€ (A1, Ao U+ U [Aong, 00|
2n+1
with R(A) = (A — A1) (A = Aa) (A — As). RN =[] (A=)

j=1




Example of IST: the cnoidal wave

e Integrating the second equation More generally:
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2n+1
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Example of IST: the cnoidal wave

e Integrating the second equation More generally:

W 9 (vpud —BW),  AEN AU U Do, 4]
2n+1
with RO\ = (A — M)A = Aa) (A — As). R(\) = H (A=)

e Look for solution of form:  g(z,t,A) = A — u(x,t) Auxiliary / Dirichlet spectrum

2 4

{51ﬂ%mﬁ5+m+AxAm2Ru>.
pe = (4\ = 2u)py + 2(A — p)uy

—> w(x,t) = 2u(z,t) — (A1 + Ay + A3) !




Example of IST: the cnoidal wave

e Setting the free spectral A = p(x,t) for all (z,1t)

oy = E2 _R(N)
pe = (4p = 2u)pip = =2(A1 + A2 + Az pa
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e Setting the free spectral A = p(x,t) for all (z,1t)

Mz = +2 _R(M)
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Example of IST: the cnoidal wave

e Setting the free spectral A = p(x,t) for all (z,1t)

Mz = +2 _R(M)
pe = (4 —2u) iy = —2(A1 + Ao + A3) s

e Change of variable: &=z +2(A1 + Ao + A3)t + 29

pe = £/ —R(p)
|:> U($,t) = )\2—)\1—)\3+2()\3—/\2)CI12 {\/ )\3 — Alf;m] , M = ;3 _ §2 .
3 N1

(0]

Cnoidal wave




Cnoidal waves and solitons

o Wavelength of the cnoidal wave depends on size of the band: 0 <m = ig:i? <1

u(:c,t) Ay — A1 — A3+ 2 )\3 )\2 CIl {\/ A3 — A& m ] :

MMMMMMMWW I
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Cnoidal waves and solitons

e Wavelength of the cnoidal wave depends on size of the band: 0 <m = ﬁ <1
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Cnoidal waves and solitons

e Wavelength of the cnoidal wave depends on size of the band: 0 <m = ﬁ <1

w(z, 1) = Ag — Ay — Az + 23 — Ag)en’ {\/Ag W3 m]

Solitons are cnoidal waves in the limit Ay = Mo = Ao =m — 1!

Usol (%,1) = =3 + 2n%sech? n(z— (40" +6X3)t + 20)]
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e )3 plays the role of a background, by convention set A3 =0

Usol (2, 1) = 2n°sech? n(z — 4n*t + z9)] .
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Why study solitons specifically?

(i) N—soliton solutions are easier to handle than multi-phase finite-gap solutions.
(ii) Solitons have particle-like behaviour: easier to make parallels with Stat Mech.

(iii) Any finite gap solution can be approximated by a N—soliton solution for N large

enough.
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T-function formalism: Hirota’s bilinear relations 1971

e Solution of KAV in terms of the 7—function

up + 6utly + Ugpy = 0, u(x,t) = [log 7(x, 1))z -

e 7 solves Hirota’s bilinear equation

(D; + D, Dy)T-7=0,
Hirota’s D—operator DI f-g = (0s, — 0s,)" f(51)9(52)|sy=s,=5 -

e Hirota’s equation admits solution in the form

T($,t) =1+ Z Z a(i1,i2, e ,in) exp [97;1(35‘,75) + (97;2(:13,75) —+ .. —|—97;n(58,t)]
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T-function formalism: Hirota’s bilinear relations 1971

[Inspired by Kay, Moses (1956)]

e Solution of KAV in terms of the 7—function

up + 6utly + Ugpy = 0, u(x,t) = [log 7(x, 1))z -

e 7 solves Hirota’s bilinear equation

(D; + D, Dy)T-7=0,
Hirota’s D—operator DI f-g = (0s, — 0s,)" f(51)9(52)|sy=s,=5 -

e Hirota’s equation admits solution in the form

’T($,t) =1+ Z Z a(il,ig, e ,in) exp [97;1(35‘,75) + (97;2(:13,75) —+ .. —|—97;n(58,t)]

n=1 Ncn
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Interpretations of the T-function

T—function in terms of a Wronskian [Satsuma (1979)]

f1 faoooee I
(1) (1) (1)

7(x,t) = Wr(f1, ..., fy) = det . N |

\f(N 1) (N 1) f(N 1)

where the f;’s are linearly independent solutions of Lf = Af and M = f;.




Interpretations of the T-function

e 7—function in terms of a Wronskian
fi
!
P, t) = Wi(fr, .., fiv) = det
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[Satsuma (1979)]
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f(N 1)

where the f;’s are linearly independent solutions of Lf = Af and M = f;.

e Sato theory:

[Sato (1981)]

- KdV is equivalent to the motion of a point on a Grassmanian manifold.

- Hirota’s bilinear equation is a Pliicker relation.

e 7—functions are partition functions in the spectral theory of random matrices.

[van Moerbeke (2000)]




The N-soliton T-function as a determinant

T—function as a determinant of a matrix

2./mi
T=detM , M;j(x,t) =10+ _7: L exp [0 (x,t) + 0;(z,t)] |
N = 15

with 0;(z,t) = n; (z — 497t — z).




The N-soliton T-function as a determinant

e T—function as a determinant of a matrix

NRTE
r=det M, Mi(et) =6+ ZZJ exp [0:(z,t) +0;(z,1)] |
i J

with 0;(xz,t) = n; (x — 493t — 29).

e Example: 1—soliton solution
ui(x,t) =log [T(x,t)],.

= log [1 -+ 6291($’t)]
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The N-soliton T-function as a determinant

T—function as a determinant of a matrix

2./1in;
T=det M , Mij(x,t) = 57;3' + . Z;’J exp [Qz(xat) —|_9j(
i J

with 0;(xz,t) = n; (x — 493t — 29).

e Example: 1—soliton solution

u(z,t) = log |7 (x,t)],,

= log [1 -+ 6291($’t)]
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2-soliton solutions

e Example: 2—soliton solution

2
'UQ((L',t) — log 1_|_ 6291(56,15) _I_ 6292(3{:,t) + (%) 62(91(£U,t)+92($,t)]

rx
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2-soliton solutions

93' (.I’, t) — 1] (:L' — 47’]3275 + :15‘0)

e Example: 2—soliton solution

us(x,t) = lo
2(z,t) = log .

2
14 e201(xit) 4 o202(at) | (u) 82(91(:c,t)—|—92(33,t)]

T

e Long time asymptotics, assuming 1, > 1

(i) x ~4nit ,t - —o00 = 03 — —oo and 0 finite:

us(z,t) ~ log [1 + 6291(:8’15)} = 2n3sech? [y (z — 4dnit — 29)] .

rxr




N — 15
M +1;

0;(z,t) =nj (z— 477]15 + 1)

Pij = log

2-soliton solutions

e Example: 2—soliton solution

lo
uz(@;1) = log m + 12

2
1_+_ 6291(3} t) —|_ 6292(.’13 t) _+_ ( 772) 62(91($,t)—|—92(ﬂ3,t)]

rx

e Long time asymptotics, assuming 7; > 1o

(i) z~4n?t ,t - —00 = B — —o0 and 0 finite:

us(x,t) = log [1 + 6291($’t)] — 2n%sech’ [771 (ac — dn?t — x?)} .

rx

(ii) x ~4n?t ,t 00 = By — oo and 6 finite:

2
14 (771 772> o201 (x,t)
?71 _|_ ?72 T

— Qn%sechz [771 (:13 — 47’]%15 - :1:‘?) + 9012]

us(z,t) ~ log {6202(m’t)




i — 15
M +1;

Qj (.I’, t) — 1] (:L' — 47’]?75 + :15‘0)

Pij = log

2-soliton solutions

e Example: 2—soliton solution

2
us(z,t) = log |14 1@ 4 202(=.) 4 (u) ez(el(w,t)wz(x,t)]
m + 12

rx
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N-soliton solutions

e Long time asymptotics of /N —soliton solutions

N
un(x,t) &~ ZQn?sech2 [m (m — 477,?75 — azi)] as t — Foo.

7
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N-soliton solutions

e Long time asymptotics of /N —soliton solutions

(

i )

N
un(x,t) &~ ZQn?sech2 [m (m — 477,?75 — azi)] as t — Foo.
i=1

Action coordinate Angle coordinate




N-soliton solutions

e Long time asymptotics of /N —soliton solutions

un (x,t) Zansech2 M; (:c—4nzt—a; as t — *oo.

/'T

e Relation between asymptotic states given by scattering shift

Action coordinate Angle coordinate

; ,__ngn(n 0i) 1, |1
ur N — 1

j ()




N-soliton solutions: example

1.8
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